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Abstract 



o 

It is well known that the Catalan number C n counts dissections of a regular 
(n+2)-gon into triangles. Here we count such dissections by number of triangles that 
contain two sides of the polygon among their three edges, leading to a combinatorial 
' interpretation of the identity 

u" 

^ . l<k<n/2 



C n = £ 2^(™) Ck k{n + 2) 



2k J n(n 

and illustrating its connection with Touchard's identity. 



> 

1 Introduction 

Consider a regular polygon of n + 2 sides with one side designated the base. It is a classic 
result that there are the Catalan number C n ways to insert noncrossing diagonals connect- 
ing nonadjacent vertices of the polygon so as to dissect it into triangles (see illustration 
in Figure 1). Each such dissection contains n—1 diagonals and n triangles. When n > 2, 
each triangle may have 0, 1, or 2 sides in common with the polygon. Let u n ^ denote the 
number of dissections in which precisely k triangles contain 2 sides of the polygon. In 
any dissection, the number of such 2-polygon-side triangles ranges from a minimum of 2 
(provided n > 2) to a maximum of \_(n + 2)/2j. 

Our main result is that u n ^+i = 2 n ~ 2k ( 2 ™) ^-i) ' Jading the apparently new iden- 
tity 

l<k<n/2 



2k J n(n — 1) 
This identity is reminiscent of Touchard's identity [1] 



0<fc<n/2 



C n+l = T ~ 2k [o h ) C ^ ( 2 ) 
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and indeed we will see a connection between them. To obtain an expression for u n> fe, it 
is convenient to color the base of the polygon blue and the remaining edges black, and 
let v n> k denote the number of dissections in which k triangles contain two black edges 
of the polygon. In Section 2, we express the directly in terms of the {v n ^}- In 

Section 3, we show bijectively that u n +i,fc+i is actually the summand 2 n_2fc ( 2 '] ; ,)Cfc in (2), 
incidentally giving another combinatorial interpretation of Touchard's identity. Section 4 
then establishes the main result. 



2 A relation between u n ^ and v n ^ 

Clearly, U\ t i = 1, «2,2 — 2, = 5. For n > 4, let us count the contribution to u n ^ 
according to the positive vertex r of the triangle that contains the base, after labelling the 
vertices of the polygon r = — 1,0,1,. ..,n counterclockwise from the left endpoint of the 
base as illustrated in Figure 1. We find that the contribution to u n ^ for both r = 1 and 
r = n is w n __i jfc _i, and for 2 < r < n — 1, the contribution is J2k- 
Hence, 

71-1 

Un.k 2l7 n _x / c _i -)- ^ ^ ^ Vr—l,j Vri—r,k—ji 

r=2 k- n ~ r 2 +1 <j<^ 

valid for n > 4, 2 < k < Similarly, we find a recurrence for t> n fc , 

n-1 

Vn,k 2i' J1 _i fc -)- ^ ^ Vf—Xj V n — r ^k—ji 

r=2 k- n - r 2 +1 <j<l 

that involves the same double sum. Eliminating the double sum in the two equations 
leads to the relation 

U n ,k = Vn,k + 2f n -l,fc-l — 2l> n _;L ) jfe, (3) 

which in fact holds for all n.k. 



3 A bijection 

It is well known that 2 ra_1 ~ 2fc ( n 2 ~ 1 )C/ c is the number of Dyck paths that contain k DDU's, 
where U denotes an upstep and D a downstep. (See [2] for a bijective proof.) We now 
present a bijection from polygon dissections to Dyck paths which makes it visually obvious 
that the triangles containing two black sides, taken in clockwise order from the base, except 
that the last one is ignored, correspond to the DDU's, taken left to right, in the Dyck 
path. This bijection is simply the composition of the following 3 well known bijections, (1) 
the Erdelyi-Etherington bijection from triangle-dissections of a polygon to binary trees [3, 
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p. 171], (2) the standard bijection from binary trees to ordered trees (Knuth's "natural" 
correspondence [4, Section 2.3.2]), and (3) the (trivial) "glove" bijection from ordered 
trees to Dyck paths. Here is an illustration. 



Figure 1 




Dyck path 

Bijection from triangle dissections to Dyck paths 



The last step is the glove bijection: walk clockwise around the tree starting from the 
root and record an upstep (resp. downstep) each time an edge is traversed upward (resp. 



3 



downward). Or, more picturesquely, burrow up the edges from the root to form a multi- 
fingered glove and fan out the fingers. Thus each edge in the tree corresponds to a 
matching upstep and downstep in the path. 

The illustrated dissection has 3 triangles containing two black sides of the polygon; all 
but the last are highlighted using enlarged dots, and they show up in the Dyck path as 
vertices initiating a descent of 2 or more downsteps followed by an upstep, that is, they 
correspond to DDUs in the Dyck path, as claimed. 



4 Conclusion 

The preceding section shows that v n ^ = 2 n+1_2fc ( 2 ^r 1 2 )C' / t_i. Substituting into (3), we find 

«».^^-((;-_ 2 3 ) Ct _ 1+ (;-_ 2 4 )4^ 2 ), 

which simplifies to 



u n,k+l — 




Now sum over k to obtain ( ). The first few values of u n ^ are given in the following table. 



n \k 


2 


3 


4 


5 


2 


2 








3 


5 








4 


12 


2 






5 


28 


14 






6 


64 


64 


4 




7 


144 


240 


45 




8 


320 


800 


300 


10 


9 


704 


2464 


1540 


154 



Table of values of u n ^ 



Added in proof Tewodros Amdeberhan informs me that he has recently discovered 
an identity equivalent to ( ), namely 

-^3 n+1 - 2L, 2 \2k + l) Ck TT2> 

0<fc<(n-l)/2 v 7 

and has observed that subtracting the latter from Touchard's identity (2) (multiplied by 2) 
gives an alternating sum expression for the super ballot number 6/(n + 3)C n+ i, sequence 
A007054 in OEIS. 
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